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On the approximation exponents for subspaces of R"

Elio Joseph

This paper follows the generalisation of the classical theory of Diophantine approximation to subspaces
of R" established by W. M. Schmidt in 1967. Let A and B be two subspaces of R" of respective
dimensions d and e with d 4+ e < n. The proximity between A and B is measured by ¢ = min(d, e)
canonical angles 0 < ) < --- < 6, < %; we set ¥ (A, B) = sin6);. If B is a rational subspace, its
complexity is measured by its height H(B) = covol(B NZ"). We denote by 1, (A]e); the exponent of
approximation defined as the upper bound (possibly equal to 4-00) of the set of § > 0 such that the
inequality ; (A, B) < H (B)~* holds for infinitely many rational subspaces B of dimension e. We are
interested in the minimal value (1, (d |e); taken by 1, (A|e); when A ranges through the set of subspaces
of dimension d of R" such that for all rational subspaces B of dimension e one has dim(A N B) < j. We
show that f14(2]2); =3, /15(3]2); <6 and fio4(d|£), < 2d?/(2d — £). We also prove a lower bound in
the general case, which implies that i, (d|d)y — 1/d as n — +o0.

1. Introduction

The classical theory of Diophantine approximation studies how well points of R" can be approximated by
rational points. Here, we are interested in a problem studied by W. M. Schmidt [1967], which consists in
approximating subspaces of R"” by rational subspaces. The results presented here can be found in my
Ph.D. thesis (see [Joseph 2021] Chapters 3 and 4 for more details).

A subspace of R” is said to be rational whenever it admits a basis of vectors with rational coordinates.
Denote by R, (e) the set of rational subspaces of dimension e of R”. A subspace A of R" is called
(e, j)-irrational whenever dim(A N B) < j for all B € R, (e); notice that being (e, 1)-irrational is
equivalent to trivially intersecting all subspaces of R, (e). Denote by J,(d, e); the set of all (e, j)-
irrational subspaces of dimension d of R".

Let us define a notion of complexity for a rational subspace and a notion of proximity between two
subspaces, which will lead to the formulation of the main problem.

Let B € R, (e); one can choose E € ZV, with N = ("), a vector with setwise coprime coordinates in
the class of Pliicker coordinates of B. Let us define the height of B to be the Euclidean norm of &:

H(B) = ||&]|.

Endow R" with the standard Euclidean norm, and define the distance between two vectors X, ¥ € R"\ {0}
by
[XAY]

X.Y)=sin(X,¥V)= "1
yE ) =sm (X1 = e
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where X A Y is the exterior product of X and Y, and the Euclidean norm ||-|| is naturally extended to
A?(R"™) so that || X A Y|l is the area of the parallelogram spanned by X and Y. Let A and B be two
subspaces of R” of dimensions d and e respectively. One can define by induction ¢ = min(d, e) angles
between A and B. Let us define
V1(A, B) = ng\r}m Y(X,Y)
Y €B\{0}

and denote by X and Y| unitary vectors such that (X, Y;) = ¥(A, B). Then, by induction, it is
assumed that 71 (A, B), ..., ¥;j(A, B) have been constructed for j € {1, ..., r— 1}, associated with pairs
of vectors (X1, Y1), ..., (X;,Y;) € A x B respectively. One denotes by A; the orthogonal complement
of Span(Xy, ..., X;) in A and by B; the orthogonal complement of Span(Yi, ..., Y;) in B. Let us define
in a similar fashion

+1(A, B) = min X,Y
Viti( ) XGA/I_\{O}W( )

Y €B;\{0)
and denote by X, and Y, unitary vectors such that ¥ (X1, Y1) = ¥;41(A, B).

These angles between A and B are canonical in the sense of this paragraph, based on [Schmidt 1967,
Theorem 4]. This will also be used to prove Claim 6.2 in Section 6 below. There exist orthonormal bases
(X1,...,Xy) and (Yy,...,Y,) of A and B respectively, and real numbers 0 < 6, < --- < 6; < 1 such
that foralli € {I,...,d}and forall j € {1, ..., e}, X;-Y; =4, jcos6;, where § is the Kronecker delta
and - is the canonical scalar product on R”. Moreover, the numbers 6y, ..., 6, are independent of the
bases (X1, ..., Xy) and (Y1, ..., Y.) chosen. Notice that ¥; (A, B) =sin0);.

We can now formulate the main problem. Letn > 2, d,e € {1,...,n — 1} such that d + e < n,
J€{l,...,min(d, e)}, and A € J,(d, e),. Let us define by u,(A|e); the upper bound (possibly equal
to +o0) of all 8 > 0 such that

VAL B) S s

holds for infinitely many B € R, (e). One also defines

fn(dle); = inf  pi(Ale);.
J

Problem 1.1. Determine i,,(d |e); interms of n,d, e, j.

Schmidt [1967, Theorems 12-13, 15-17] proved several bounds on the quantity fi,(d|e);. In all what
follows, let t = min(d, e).

Theorem 1.2 [Schmidt 1967]. Forall j €{1,...,t}, one has

din—j) . 1| en—e)+1
—< nd .<_. - - 5 9
o —dym—e) @1 J{n+1—d—€—‘
Moreover, when j =1,
. nin—1)
n d 2—
fn(d|e) n—d—o

Schmidt improved the lower bound when an additional hypothesis is met. He also determined some
exact values of i, (d|e);. In particular, Problem 1.1 is completely solved when min(d, e) = 1.



ON THE APPROXIMATION EXPONENTS FOR SUBSPACES OF R" 23

Theorem 1.3 [Schmidt 1967]. Let j € {1,...,t}. If

jtn—t=2j(j+n—d—e),

then .
. Jt+n—t
dle)i > — .
n(dle); > <o
Moreover, when j =t,
n
7 (d e SE——
fn(d|e); fGtn—d—o

A direct application of Schmidt’s going-up theorem [1967, Theorem 9] is the following result proved
in Section 5 below.

Proposition 1.4. Letd, e, j, ¢ € N* be suchthatd+e <n, 1 < j<L<eand j <d. Then

o n - o
pn(dle)j 2z —— - fin(d]£);.
n—e
This proposition implies some straightforward improvements. For instance, the known lower bound
e(313)2 = % (Theorem 1.2) becomes [16(3]3), > % using f16(3|2)2 = 1 (Theorem 1.3).
Both N. Moshchevitin [2020, Satz 2] and N. de Saxcé [2020, Theorem 9.3.2] improved some upper
bounds.

Theorem 1.5 [Moshchevitin 2020]. Let d > 1 be an integer. One has
floq(d|d) < 2d.
Theorem 1.6 [de Saxcé 2020]. Letn >2andd € {1, ..., [n/2]}. One has

n
Gp(d|d)g < ——.
fn(d|d)q dn—d)

The simplest unknown case and also the last unknown case in R* is (n,d, e, Jj) = (4,2,2,1).
Theorem 1.2 together with Theorem 1.5 gives 3 < [14(2]2); < 4. Here, we will show the following
theorem.

Theorem 1.7. One has
pa(212); =3.

The next unknown cases are in R>. One can notice that Theorem 1.2 combined with Theorem 1.3 gives

4 < f15(312)1 < 7. This upper bound is improved by 1.

Theorem 1.8. One has
f5(312)1 < 6.
Combining Theorem 1.5 and Proposition 1.4, an improvement on the known bound for fi4(d | £); is
deduced; see the beginning of Section 5 for examples.
Theorem 1.9. Letd >2and ¢ €{1,...,d}. One has
2d?
2d — ¢

foa(d 01 <
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Finally, we prove a new lower bound in the general case.

Theorem 1.10. Letn >4 andd,e € {1,...,n— 1} suchthatd +e < n;let j € {1,...,min(d, e)}. One
has
(n—j)jn—jd+j*/2+j/2+1)

,un(d|€)j> jZ(n_e)(n—d+j/2+1/2)

This leads to the following corollary.

Corollary 1.11. One has, for any fixedd > 1,

. 1
ity (dd)a = .

Section 2 focuses on the case of the approximation of a plane by rational planes in R* (Theorem 1.7).
In Section 3 we approximate a subspace of dimension 3 by rational planes (Theorem 1.8). Then, in
Section 4, we comment briefly on the method developed in the previous two sections. Section 5 contains a
proof of Theorem 1.9. Finally, Section 6 develops how to decompose the subspace one wants to approach
into subspaces of lower dimensions, and this leads to a proof of Theorem 1.10 and Corollary 1.11.

2. Approximation of a plane by rational planes in R*

The main result is Theorem 1.7: [14(2]|2); = 3. It finishes the solution of Problem 1.1 for n < 4. To prove
this theorem, some planes of R* are explicitly constructed, which are (2, 1)-irrational and not so well
approximated by rational planes. For & € 10, +/7[, let us consider the plane Ag of R* spanned by

0 1
1 0
(€8] 2)
XS = £ and XE = _ T—éz

V1= §
The crucial lemma in order to prove Theorem 1.7 is Lemma 2.1 below, which requires the function ¢,
min(dim A,dim B)
oA, By= [ i B, (1)
j=1

Lemma 2.1. There exist real numbers & € 0, ﬁ[ and ¢ > 0 such that Ag € J4(2,2)1 and, for all
B € R4(2),

c
H(B)*
From Lemmas Lemma 2.1 and 2.6 below, we shall deduce the following proposition.

Proposition 2.2. There exists & € 10, V1 such that
ma(Ag|2) =3.

Theorem 1.7 comes directly from the definition of /i, Proposition 2.2 and Theorem 1.2. Before proving
Proposition 2.2, let us introduce some notation and two basic lemmas.

Given vectors X1,..., X, € R”", let us denote by M € M, .(R) the matrix whose j-th column is
X; for j € {1,...,e}. Let us define the generalised determinant of the family (X, ..., X,) to be

¢(Az, B) > 2
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DXy, ..., X.) = +/det(:MM). The following result gives an equivalent definition of the height of a
rational subspace (see [Schmidt 1991, Lemma 5H and Corollary 51]).

Theorem 2.3. Let B € R, (e) and (X1, ..., X.) be a basis of BNZ". If one denotes by n = (n1, ..., 1n),
where N = (:f) the Pliicker coordinates associated with (X1, ..., X.) and ordered by lexicographic order,
one has n € ZV and gcd(ny, ..., ny) = 1. Moreover,

H(B)=D(Xy,..., X.).

Let us make a link between proximity and height.

Lemma24. Letn >2,d,e €{l,...,n— 1} be such that d + e = n, A be a subspace of dimension d
of R" and B € R, (e). Let (X1, ..., Xy) be a basis of A, (Y1, ..., Y.) be abasis of BNZ", and denote by
M € M,,(R) the matrix whose columns are X1, ..., X4, Y1, ..., Y, respectively. There exists a constant

¢ > 0 depending only on (X1, ..., Xg4) such that

|det M|

9(A, B)=c HE)

Proof. The following claim comes from equation (7), page 446 of [Schmidt 1967].

Claim 2.5. One has
D(X19"'5Xd7Y15--~5Y€)

(A, B) = .
D(Xy,...,Xy)D(Yy, ..., Y,)
Since (Y1, ..., Y,) is a basis of BN Z", Claim 2.5 together with Theorem 2.3 gives us
¢(A,B)=cD(X1,..., Xa, Y1,..., Y. )H(B) ",
where ¢ = D(Xi,...,X4)~! > 0 is a constant depending only on (X, ..., X4). Moreover, the
matrix M is a square matrix, so D(Xy,..., X4, Y1, ..., Y,)? = det(‘M M) = det(M)>. Thereby, since
D(Xy,..., X4, Y1,...,Y,) >0, o0ne has (A, B) =c|det M|H(B)~. O

Lemma 2.6. Letn > 2, A and B be two subspaces of R" of dimensions d and e respectively. Then for all
j€fl,...,min(d, e)}, we have ¥;(A, B) = (A, B)'//.

Proof. Lett = min(d, e) and j € {1, ..., t}. From the definition of the ;, one has ¥{(A, B) < --- <
Y (A, B) < 1. Thereby, the product in (1) can be split as

J t
go(A,B):(l_[lhi_(A,B))x( ] wi(A,Bl)gwj(A,B)j. O
i=1 @//,-(VA,B) =i+l

We can now provide a proof of Proposition 2.2.

Proof of Proposition 2.2. Together with Lemma 2.6 applied for j =1, Lemma 2.1 shows that 14 (Ag[2); <3.
Since Theorem 1.2 gives u4(Ag|2)1 > f14(2]2)1 > 3, Proposition 2.2 follows. O

In order to prove Lemma 2.1, we will use the following definition and theorem (see [Beresnevich 2015,
Corollary 1]).
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Definition 2.7. Let Bad be the set of all y € R¥ such that there exists ¢ > 0 such that the only integer
solution (ay, . . ., ax) to the inequality

lag+ary1+- - +agyi| < cll(ar, ..., a2
is the trivial one (O, ...,0).

Theorem 2.8 (Beresnevich, 2015). Let M be a manifold immersed into R" by an analytic nondegenerate
map. Then Bad N M has the same Hausdorff dimension as M; in particular BadN M # @.

Finally, let us prove Lemma 2.1.

Proof of Lemma 2.1. Let B € R34(2) and (Y1, Y») be a basis of BNZ*. Let us denote by (71, ..., n6) a set
of Pliicker coordinates of B associated with the basis (Y7, Y») as in Theorem 2.3, so that (11, . . ., 1) € Z°
and ged(ny, ..., ne) = 1. Moreover, this vector satisfies the Pliicker relation (see [Caldero and Germoni
2015, Theorem 2.9]) for a subspace of dimension 2 of R4

nne — n2ms +n3na = 0. 3)

The manifold M = {(1, &, /7 — £2) : £ €10, ~/7[} is nondegenerate (the functions & — 1, £ — &, and &
/7 — £2 are linearly independent over R), so Theorem 2.8 implies the existence of & € 10, +/7[ such that
(1,&,/7—&2) € Bad. In particular 1, & and /7 — &2 are linearly independent over Q. Let us denote by
M the matrix of M4 (R) whose columns are X (1), X éz), Y1, Y, respectively. Notice that Ae N B = {0} if, and
only if, det Mg # 0. The determinant of Mg is computed by a Laplace expansion on its two first columns:

det My = —n6 +15& —nav/T—E2 —n3y/T = E2 —mé& + . “)
Assuming that det Mg = 0 we have

—n6+ 701 + (15 — 12)§ + (=13 — )V 7= £2 =0. &)
Since dimg Spang (1, &, /7 — £2) = 3 and the 7; are integers, (5) gives
(4, ms, me) = (—n3, M2, TM1). (6)

Thereby, (3) becomes
403 =T
Reducing modulo 4, this equation implies that 7, n, and n3 are even, which contradicts the assumption
ged(1, ..., ne) = 1 using (6). Thereby, det Ms # 0, so Az N B = {0} which proves that the subspace Ag
is (2, 1)-irrational.
To establish inequality (2) of Lemma 2.1, recall that the basis (Y7, Y>) of B is also a Z-basis of BN 7.

Hence, Lemma 2.4 gives a constant ¢; > 0 depending only on (X él), X éz)) such that
1

Ag, B) = |det(M, . 7

¢(Ag, B) = |det( 5)|H(B) (N

Since the Pliicker coordinates n = (1)1, . .., n¢) of B are integers and satisfy gcd(ny, ..., n¢) = 1, one has
H(B) = [In]|. ®)

Now recall that we have chosen £ in such a way that there exists a constant ¢, > 0 such that for all
q=(a,b,c) €7°\{(0,0,0)}

lay/7 —E2+bE +c| > callgl 2. )
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Notice that for ¢ = (—n3 — n4, n5s — 12, —16 +711), one has g # (0, 0, 0), otherwise (6) would be true,
and it was already said that this was impossible. Moreover, ||q|| < +/67||n]|, so inequality (9) combined
with (4) gives

|det(Me)| = c3lln]
This inequality together with (7) and (8) give a constant ¢4 > 0 such that

p(Ag, B) > O

C4
H(B)*
Remark 2.9. In the same way, one can construct infinitely many subspaces A defined over Q satisfying
4(Ag|2)1 =3 with a theorem of Schmidt. The point is to replace in the proof of Lemma 2.1 the use of
Theorem 2.8 by Theorem 2 of [Schmidt 1970]; the only difference is that the exponent —2 in (9) becomes
—2—¢ forany € >0, and —3 becomes —3—¢ in (2). Up to this modification, Lemma 2.1 and Proposition 2.2
are still true if & € 10, /7[ is a real algebraic number satisfying dimg Spang(1,§,4/7—§%) =3. In
particular, for & = +/2, one gets the explicit example

na(A ;512)1 =3.

3. Approximation of a subspace of dimension 3 by rational planes in R®

The method developed here is very similar to the one used in Section 2, so we will not linger on the
details in this section. Computations are not detailed, see [Joseph 2021] for extended computations. The
main result is Theorem 1.8: [15(3]2); <6

As in Section 2, a subspace of R’ is explicitly constructed so that it is (2, 1)-irrational and at the same
time not so well approximated by rational planes of R>. We will start by stating some lemmas to prove
this statement; the proofs of the lemmas will follow later.

Let ¢35 be a real number, let us consider the four real numbers

11224 — 19623 — (427203 — 173/2024+13+/283) /383 =5/ — 148822 — 300346

q=- 41085 =763 — (Av/285 + 3283+ 2) VAT —5/T3— 1 — 1003+ 503 —2)
e - 5204 - 154;“3—(18f§3—35f§3+13«/_§3—6«/_)«/4CT\/§3——+148§3—60€3+18
4(10¢§ =723 — (Av283 +3V283 +V2) /B =5/ — 1— 1002 +5¢3—2)
= VAL TSVGTE —60 43 43t
2(65-1
VWAL TSV 343G
2055 —-1)

assuming {3 > 4 so that all square roots are well defined, and ¢3 large enough so that all denominators
are nonzero (actually, {3 > 4 is sufficient for both conditions). Let

& =1, =0+, =0, &&=1+0+, & =10,
§6 =200 —105, &1 =—103, &8 =103, &9 =1a, §10=12s

and finally & = (£, ..., £19). The following lemma allows us to construct the subspace of R> wanted.
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Lemma 3.1. There exists a subspace Ag of dimension 3 of R> which admits the vector & as Pliicker
coordinates (with respect to lexicographic order).

Now that the subspace A has been constructed, we can state that it is indeed (2, 1)-irrational and not
so well approximated by rational planes of R.

Lemma 3.2. There exist real numbers {3 > % and ¢ > 0 such that Ag € J5(3,2) and, forall B € Rs(2),
c
H(B)®'

This lemma together with Lemma 2.6 immediately leads to the following proposition.

¢(Ag, B) = (10)

Proposition 3.3. There exists {3 > % such that
ps(Ag]2)1 < 6.

Much as in Section 2, Theorem 1.8 is an immediate consequence of Proposition 3.3, which itself
follows from Lemma 2.6 and Lemma 3.2. We will start with the proof of Lemma 3.1.

Proof of Lemma 3.1. There exists a subspace which admits & as Pliicker coordinates if, and only if,
the coordinates of £ satisfy the Pliicker relations (see [Caldero and Germoni 2015, Theorem 2.9]) for a
subspace of dimension 3 of R>:

6285 = &364 + &1,

6268 = 387 + &1,

§468 = &5&7 + &1610, (11)
§459 = &687 + &2610,

§589 = &66s + &30

A basic formal computation shows that the vector &, as it has been defined, indeed satisfies system (11). U
Before proving the crucial Lemma 3.2, we need a technical result.
Lemma 3.4. The manifold M = {( 1,81,80,83,84,85) : 83 2> %} is nondegenerate.

Proof. Let (ag,...,as) € R® such that ay + aily+---+as¢s =0 for any ¢3 > %. One can compute
polynomials Py, P,, Pz € R[X] such that

P1(23) + P2(83)/ P3(83)
1003 +7¢3—2— (4¢3 — G+ DVP(G)

Hence, one has P;(&3)+ P>(£3)+/P3(83) =0, so for all &3 > % we have P (£3) = P2 (¢3) — P3(¢3) P3(83) =0.
The four equations given by the monomials of degrees 32, 30, 28 and 26 lead to a system of equa-
tions between the a;, which implies ag = a3 = a4 = as. Considering the monomials of degree 22
lead to 14a% + 4ajar — a% =0,s0a, = 2% Sﬁ)al, and the monomials of degree 21 lead to
7a% — 118aja + 19a§ = 0 which cannot be. Therefore, a; = 0 for all i € {0, ..., 5} so the manifold
considered is nondegenerate. O

O=ao+aili+---+asis =

With Lemma 3.4, we are now able to prove Lemma 3.2. Notice that the proof is quite similar to the
proof of Lemma 2.1.
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Proof of Lemma 3.2. Let B € $5(2) and (Y1, Y») be a basis of BNZ°, let us denote by (11, ..., n10) a set
of Pliicker coordinates for B associated with the basis (Y7, ¥») ordered by lexicographic order. According
to Theorem 2.3, one has (11, ..., n19) € Z'° and gcd(ny, ..., n1o) = 1. Moreover, this vector satisfies
the Pliicker relations for a subspace of dimension 2 of R>:

n21s = 1304 + N7,

n2mg = n3n7 +nino,

nans = nsn7 + ninio, (12)

n4n9 = NeN7 + N21M10,

N5y = NeNs + N3n10.
According to Lemma 3.4, the manifold M = {(1 01,62,83,84,85) 1 &3 2 Z} is nondegenerate, so
Theorem 2.8 implies the existence of ¢3 > Z such that (1, ¢y, &, {3 §4, ¢5) € Bad. In particular,
1, &1, &2, &3, L4, ¢5 are linearly independent over Q. Let (X M , X 52 , x8 f ) be a basis of Ag associated
with &. Let us denote by Mg the matrix of Ms(R) whose columns are X M X @ , X S), Y1, Y, respectively.
Notice that Ag N B = {0} if, and only if, det M¢ # 0. The determinant of Mg is computed by a Laplace
expansion on its first three columns:

det Mg = &1m10 — §2m9 + &3ng +Ean7 — &sne + Eens — &7na + Esnz — Eoma + 101
Let us assume that det Mg = O; this implies
0 = det(M;)
=m0 — (§2+&5)m9 — §ing + (1 + &1+ &5)m7 — Sane + (282 — £5)ns + $3na + E3nsz — Cama + Esm
=010+ 17+ (=ns + 10781 + (=19 — 16 +2n5)82 + (N4 + 13)§3 — 1284 + (=19 + 117 — 15 + 1M1) 5.
Since 1, ¢1, &2, &3, &4, &5 are linearly independent over @ and the 7; are integers, the equation above yields

the relations
(M1, M2, M4, M6, M8, N10) = (Mo — N7+ 15,0, —n3, —n9 +2ns, N7, —n7).

Thus, system (12) becomes

— 203 + 2157 — nsne — n7n9 + 05 =0,

—0317 — N5 + 1719 — na = 0,
—n317 — 02+ n7m9 =0, (13)

—2nsn7 —n3ng +n7m9 =0,

m3n7 — 2nsn7 + nsno +n7m9 =0,
whose set of rational solutions is the singleton {(0, ..., 0)} (once again, the computations can be found in

[Joseph 2021]). Thereby, det Mg # 0, so A¢ N B = {0} which implies that Az € J5(3, 2);.

The proof of second part of the lemma is almost identical to the proof of (2) in Lemma 2.1, but with 6
reals numbers instead of 3. O

Remark 3.5. Similarly as in Section 2, one can construct infinitely many subspaces Ag¢ defined over Q
satisfying us(Ag|2)1 < 6 with Theorem 2 of [Schmidt 1970]. The only difference is that the exponent
—61in (10) becomes —6 — ¢ for any ¢ > 0. Up to this modification, Lemma 3.2 and Proposition 3.3 are
still true if £3 > 3 1s a real algebraic number satisfying [Q(¢3) : Q] >



30 ELIO JOSEPH

4. Some comments on the method

We believe that the method developed in Sections 2 and 3 can be used to improve several other upper
bounds for fi,(d|e); when d + e = n. As one can see in Section 3, the computations seem to be
significantly more complicated with 7 growing. The main difficulty in R> was to construct a subspace Ag
complicated enough so that system (13) would not have any nontrivial rational solution — which implies
Ag € J5(3,2)1 —but also sufficiently simple so that it is indeed possible to show that this system does
not have any nontrivial rational solution.

This method creates two contradictory wishes on the subspace A desired:

« to have a lot of Pliicker coordinates linearly independent over @ so that A is (e, 1)-irrational;

« to have few Pliicker coordinates linearly independent over Q to obtain the best possible exponent
with Theorem 2.8.

5. Application of Schmidt’s going-up theorem

Here, we will prove Corollary 5.2 which implies Proposition 1.4 from which is immediately deduced
Theorem 1.9: fi124(d | €)1 < 2d?/(2d — ¢). Indeed, Proposition 1.4 together with Theorem 1.5 gives, for
Cefl,... d}, fia(d|0); < 2d —d)/Q2d —)faa(d|d) <2d*/(2d —0).

Theorem 1.9 allows us to improve on numerous known upper bounds for ft24(d |£)1, since for instance
taking £ =d — 1 implies

2d°
2d — £ d—+o0

and the known upper bound for fi,4(d |d — 1)1, given by Theorem 1.2, is asymptotically equivalent to
|d?/2]. Notice that when ¢ is fixed and d tends to 400, Theorem 1.2 gives an upper bound asymptotically
equivalent to 2¢, which is better than our new bound. The best improvements occur when ¢ is close to d,
for instance Theorem 1.9 implies f16(3|2); < % improving on f16(3]2)1 <5, 212(6]4)1 <9 improving
on (112(6]4); < 11, and fi22(11]6); < 15.125 improving on f112(6|4); < 17.

Let us now state Schmidt’s going-up theorem [1967, Theorem 9].

Theorem 5.1 (going-up [Schmidt 1967]). Let d, e € N* be such that d + e < n; let t = min(d, e). Let
A be a subspace of R" of dimension d and B € ‘R, (e). Let H > 1 be such that H(B) < H, and such
that there exist x;, y; € R such that foralli € {1,...,t}, H(B)"y;(A, B) < ctH Y with ¢ > 0. Then
there exists a constant co > 0 depending only on n and e, and a constant c3 > 0 depending only of n, e, x;
and y;, such that if H' = co H®=¢~ /=9 then there exists C € R, (e + 1) such that C > B, H(C) < H’
and, foralli € {1,...,t},

H(C)xi(n_e)/(n_e_l)l//i(A, C) < C1C3H/_yi("_e)/(n_e_1).
Let us formulate a corollary to the going-up theorem.

Corollary 5.2. Let d,e, j,£ € N* be such thatd +e < n, 1 < j <L <eand j <d. Then forall
A€J,d,e)j,onehas A e€TJ,(d, L) and

n
pn(Ale)j 2 —— - ua(Al0);.
n—e

Since J,(d,e); CJ,(d, £);, Corollary 5.2 implies immediately Proposition 1.4 stated in the Introduction.
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Remark 5.3. Notice that Corollary 5.2 generalises Theorem 2 of [Laurent 2009]. Corollary 5.2 does
not necessarily need to be applied to a line, and the irrationality hypothesis is weaker than the one in
[Laurent 2009].

Proof of Corollary 5.2. Notice that J,(d, e); C J,(d, £); since £ < e. Let @ = u,(A|€); and & > 0; there
exist infinitely many subspaces B € R, (£) such that

Vi(A, B) < (14)

H(B)afs :
For each such subspace B, the going-up theorem applied e — £ times gives a subspace C € R, (e) such

that C D B and
C

H(C)la—e)(n=0/n—e)’

Vi(A, C) < (15)
with ¢ > 0 depending only on A and e. The subspace A is (e, j)-irrational, so for all C € R, (e),
¥ (A, C) #0. Thus, if there were only a finite number of rational subspaces C such that inequality (15)
holds, there would be a constant ¢’ > 0 such that, for all C € R, (e),

Vi(A,C)>c. (16)

Since there are infinitely many subspaces B € R, (£) such that inequality (14) holds, there exist such
subspaces of arbitrary large height, thus such that ¥; (A, B) < ¢’. The subspace C obtained from B with
the going-up theorem satisfies B C C, so (A, C) < (A, B) < ¢/, which contradicts (16). Hence,
there are infinitely many subspaces C € R, (e) such that (15) holds, and the corollary follows. O

6. A lower bound for ji,,(d |e); in the general case

The goal here is to prove a new lower bound for i, (d |e); (Theorem 1.10). The strategy is to break down
the subspace we want to approach into subspaces of lower dimension (here, we will use lines). It is then
possible to approach simultaneously each line (it will be done with Dirichlet’s approximation theorem),
and to deduce an approximation of the original subspace.

The bound given by Theorem 1.10 improves asymptotically (for fixed j, d and e) the known lower
bound for fi,(d |e); (Theorem 1.2).

Let d < n/2. Combining Theorem 1.10 with Theorem 1.6, one obtains

2dn —d*+d+2
< fn(d|d)a <
o — Bt b fin(d|d)a

n
din—d)’
and hence Corollary 1.11,

L 1
m iy (dd)a = .

The proof of Theorem 1.10 will require a lemma on the behaviour of the proximity function i with
direct sums.

Lemma6.1. Letn >4 and Fy, ..., Fy, By, ..., By be 2€ subspaces of R" such that, foralli € {1, ..., £},
dim F; = dim B; = d;. Assume that the F; span a subspace of dimension k = d; + - - - + dy and so do
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the Bi. Let F=F ®---®F,and B= B, ®---® By, then one has

¢
Vi(F, B) <cran Y Va,(Fi, B),
i=1
where cr,, > 0 is a constant depending only on Fy, ..., Fy and n.

Proof. The idea is to break down each F; and each B; into a direct sum of well chosen lines. For this, we
will use the following claim.

Claim 6.2. Let D and E be two subspaces of R" of dimension k. There exist k lines Dy, ..., Dy of D
and k lines E1, ..., Ex of E suchthat D=D,®--- & Dy, E=E| ®---® E, and

k
Yi(D, E) <Y ¥1(Di, Ej) < kyn(D, E). (17)

i=l
Proof of Claim 6.2. There exist an orthonormal basis (X1, ..., X;) of D and an orthonormal basis
(Y1,...,Yy) of Esuchthatforalli € {1,...,k}, ¥;(D, E) =v¥(X;, Y;). Moreover, foralli € {1, ..., k},

one has V; (D, E) < Y (D, E). Let us set, fori € {1, ..., k}, D; =Span(X;) and E; = Span(Y;) to get
the second part of inequality (17):

k k k
Y VD EN =) ¥ (Xi.Y) =Y (D, E) < ky(D, E).

i=1 i=1 i=1

The first part of inequality (17) is trivial since {1 (D;, E;) > 0 for any i, and yx (D, E) = ¥ (Dg, Er). U

We can come back to the proof of Lemma 6.1. Leti € {1, ..., £}; according to Claim 6.2, there exist
di lines D; 1, ..., D; 4 of F; and d; lines E; 1, ..., E; 4 of B; such that
d;
> Wi(Ei . Dij) <diva, (Fi, Br) < by, (Fi, By). (18)
j=1
Leta; 1, ..., a;q be unitary vectors of D; 1, ..., D; 4, respectively and b; 1, ..., b; 4. be unitary vectors

of E; 1, ..., E; g4 respectively, such that for all j € {1,...,d;}, a;j-b; j > 0. Let (Xy,..., Xy) and
(Y1, ..., Yy) be orthonormal bases of F' and B respectively, such that ¥;(F, B) = ¥ (X;, Y;) for any
je{l,...,k}. Let Z=XxY;+---+ A Yy be a unitary vector of B. One has

k
inxk Y
i=1

Yi(F, B) = ¥ (X, Yi) < Zgll?i\f%o} ¥ (Xk, Z) = Y1 (Span(Xy), B).

k
<D IhidixXi - Yil < Xi- Vi

i=1

| Xk - Z] =

which implies

Moreover, Span(Yy) C B, so ¥ (Span(Xy), B) < ¥ (X, Yx). Hence
Vi (F, B) = ¢1(Span(Xy), B). (19)

Let us decompose Xy in the basis (aj 1, ..., deq,) as Xy = Zle Z’j.":l x; ja;, j, and let

L d;
Y:Zin’jbi’j € B.

i=1 j=I
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Since Xy is unitary, one has

¢ 4
< ZZ|xi,j|”ai,]’ —bijl.

i=1 j=1

¢ 4
szi,j(ai,j —b; ;)

i=1 j=I

V(X V) <[ Xk =Y =

where |-|| stands for the Euclidean norm. For i € {1,...,¢} and j € {1, ..., d;}, let us consider the
functions

¢ 4
p,v:F—)R, ZZx,‘,jai,j»—)xi’j.
i=1 j=1
These functions are continuous on the compact K = {x € F' : ||x|| = 1}, so they are bounded on it. Thus,
(Fl,)n a cionstant depending only on @ 1, . . ., a4, such that for all x = 3¢ _| Z?":l x; jaij €K,
one has |x; ;| < cgp)n

We now require an elementary claim.

there exists ¢

Claim 6.3. Let X and Y be unitary vectors such that X - Y > 0. One has
WX, ¥) > LIX Y.
Proof. Let pSlpan(Y) be the orthogonal projection onto Span(Y),

@ =X = ppanry XN and B =Y = pgpaner, X)II.

One has || X — Y||? = «? + B2, and since X is unitary,

Y (X, Y) =Y (X, p3panry X)) = X = pipancr) X = .

Moreover, X - Y >0, s0 1 = || X||?> = (1 — )% 4+ «?; hence there exists 6 € [0, %] such that 1 — 8 =cos 8
and o = sin@. Since 1 —cos6 < sin#, we have 8 < «, and finally || X — Y|?> < 2a? =2¢/(X,Y)%. O

We can come back to the proof of Lemma 6.1. Since for all i, j one has a; ;-b; ; > 0, applying Claim 6.3
yields

4 d,' 14 di
1 2
V(X V) < Y Y Nlary — bl < e, Y Y (D Ei )
i=1 j=1

i=1 j=1

(2)
F.n

because the a; ; and the b; ; are unitary vectors, with ¢, = «/ic(Fl)n Finally, inequality (18) implies

£
V(X Y) <cpn > ya (Fi. By) (20)
i=1
and with (19) yields
Vi (F, B) < Y1 (Span(Xy), B) < ¥ (X, ¥)

because Y € B. Using inequality (20), it follows

e
Vi (F, B) <cra Yy Va,(Fi. By). O

i=1

Now that Lemma 6.1 is proved, we can tackle the proof of Theorem 1.10.
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Proof of Theorem 1.10. Let F €J,(d, e);. Letus show that F possesses an orthonormal family (fi, ..., fj)
such that for all £ € {1, ..., j}, at least d — £ coordinates of f; vanish. We proceed by induction on
Lo € {0, ..., j}, constructing an orthonormal family (f1, ..., f¢,) such that for any £ € {1, ..., £p}, at
least d — £ coordinates of f; vanish. For £y = 0 the empty family has this property. If such a family
(f1, ..., fe,) 1s constructed for some £g € {0, ..., j — 1}, we denote by G the orthogonal complement of
Span(fi, ..., fe,) in F; if £, = 0 this means G = F. One has G N (R"~4+o+1 x {0}9=f=1) -£ {0} because
codim(R"~4+bo+1 5 {0}4=0~1) = dim G — 1, let fy 11 € GN (R4 +1 5 [0}4=%~1) be a unitary vector.

At least d — (€p + 1) coordinates of this vector vanish, and it is orthogonal to fi, ..., fy,. This concludes
the proof by induction.
In all what follows, let (f1, ..., f;) be an orthonormal family of F such that for all £ € {1, ..., j}, at

least d — £ coordinates of f; vanish. Let us denote by x the vector formed with all the nonzero coordinates
of the f; and denote by N € {1, ..., jn — jd + j*/2+ j/2} its number of coordinates.

One has x € RV \ @V, otherwise (f, ..., fj) would span a rational subspace of dimension j of F,
which cannot be since F' € J,(d, e);. Using Dirichlet’s approximation theorem, there exist infinitely
many pairs (p, ¢) € ZV x N* such that ged(p1, ..., py,q) =1 and

1
=T s"oo S g

1)

Let us fix such a pair (p, q). Fori € {1, ..., j}, let us denote by r; the subfamily of p corresponding
to its coordinates approaching those of f;, completed with zeros so that r; € Z" is close to ¢ f;. For all
ie{l,.... j}onehas || f; —ri/qllo <gq~ 'V

Let B =Span(ry, ..., r;), and let us denote by niL( fi) the orthogonal projection of f; onto Span(r;/q).

One has -
. . - _ aLl(f
w(ﬁ,r—’):sin<ﬁ,r—’)=”ﬁ 7 (ﬁ)||<‘ﬁ__
q q I fill q

because || fi|| = 1, with ¢; > 0 depending only on n. Inequality (21) gives || plloo — 19X lco < [|gX — Plloo <
g VN <1, soforallie{l,..., j}: Irilloo <lIPlloo < 14+ 1gx]l0o < c2g, With ¢2 > 0 depending only on F.

For E a subspace of R” and P a family of linearly independent vectors of E, let us denote by volg(P)
the volume of the parallelotope spanned by the vectors of P and considered in the Euclidean space E.
Since (71, ..., r;) is a sublattice of B N Z", one has using Theorem 2.3

C1
<1
g HUN

ri

(22)

J
H(B) <volg(ri,....r;)) <[ [llrill < e3q’,
i=1

with c3 > 0 depending only on F. Thus, there exists a constant ¢4 > 0 such that

1 C4

a S HE)T =

Let fj =Span(fi, ..., fj) whichis a subspace of dimension j of F, and let B; =Span(r;) fori {1, ..., j}.
According to Lemma 6.1 and inequality (22), one has

6

J J J
Vi (Fj, B) = (EB Span(f}), P B,-) <cs Y Yi(Span(fi), Bi) < qwi—]w (24)
i=1 i=1 i=1
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with c¢5, ¢ > 0 depending only on n and F. Moreover, F D ﬁ, so ¥j(F, B) < wj(fj, B). Thus,
inequalities (23) and (24) show that there exists a constant ¢; > 0 depending only on n and F such that

7 7

Vith B) S ogyomom S H(B)Gn—Jd+ /24 /240G Gn—jd+ 722+ /2) (23)
enee jn—jd+j*2+j/2+1
mnld1)i 2 = g A1)
and the result follows from Proposition 1.4. (I
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